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1. Introduction
If G is a graph and for every vertex v , L(v) is a set of available colors at v , then an L-coloring is a
coloring of the vertex set such that, for each vertex v , the color of v is in L(v), and neighbors always
have distinct colors. If k is a natural number such that L(v) has precisely k colors for every vertex
v , then an L-coloring is also called a k-list-coloring. If, in addition, all lists are equal, then the k-list-
coloring is also called an ordinary k-coloring. The number of ordinary k-colorings is called P (G,k).
This is the chromatic polynomial of G which was introduced by Birkhoff in 1912, [4]. We deﬁne the
list-color function Pl(G,k) as the minimum number of k-list colorings of G , that is, the minimum is
taken over all list assignments with k available colors in each list. The chromatic number χ(G) of
G is the smallest number k such that P (G,k) > 0. Similarly, the list-chromatic number χl(G) of G
is the smallest number k such that Pl(G,k) > 0. The complete bipartite graphs with many vertices
in each part are examples of graphs with small chromatic number but large list-chromatic number.
More generally, every suﬃciently dense graph has large list-chromatic number as proved by Alon [2].
Thus P (G,k) and Pl(G,k) may differ for many values of k, namely k = χ(G),χ(G) + 1, . . . ,χl(G) − 1.
Probably P (G,k) and Pl(G,k) may differ for other values of k, but it could be tedious to ﬁnd such
examples. The case k = χl(G) > χ(G) seems particularly interesting.
The 4-color theorem says that every planar graph has chromatic number at most 4. On the other
hand, Voigt [10] proved that it may have list-chromatic number > 4. In [7] it was shown that, for
any planar graph with n vertices, we have Pl(G,5) > 0, and this was extended in [8] to the inequality
Pl(G,5) > 2n/9, where n is the number of vertices of G .
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This follows from their general result that an oriented graph of maximum outdegree k − 1 is k-list-
colorable provided it satisﬁes an additional condition on the Eulerian subgraphs. Galvin [5] proved the
same statement with the Eulerian subgraph condition replaced by the condition that every induced
subgraph of the oriented graph has a so-called kernel. As this result of Galvin has a very short proof,
see also the chapter on the Dinitz Problem in [1], and since it is easy to prove that every bipartite
graph has a kernel, we have a very short proof of the above corollary of Alon and Tarsi.
Perhaps every bipartite, planar graph has a number of 3-list-colorings that is exponential in the
number of vertices. This holds if 4-cycles are excluded in a bipartite planar graph, a result which is
a consequence of a stronger theorem proved in [9]. Recall that Grötzsch’s theorem says that every
planar, triangle-free graph has chromatic number at most 3, whereas Voigt [11] proved that it may
have list-chromatic number > 3. In [9] it was shown that, for any planar graph with n vertices and of
girth at least 5, we have Pl(G,3) > 2n/10000.
These results on many list-colorings raise the question if P (G,k) and Pl(G,k) behave similarly for
k χl(G). Speciﬁcally:
Problem 1. Does there exist a universal constant α such that, for any graph G and any natural number
k χl(G) + α,
Pl(G,k) = P (G,k)?
If G is a line graph of a bipartite graph, then χl(G) = χ(G), as proved by Galvin [5]. It is believed
that this holds for all line graphs. So if we restrict Problem 1 to line graphs, it is possible that we can
choose α to be zero. A referee kindly pointed out that α cannot be chosen to be zero for all graphs.
The elegant argument is as follows: The complete bipartite graph K3,27 is not 3-list-colorable. But
there is essentially only one list assignment which demonstrates this. Deleting one vertex of degree 3
leaves a list assignment L of K3,26 such that there are precisely 38212 L-colorings. So
Pl(K3,26,3) 38 · 212 < 3 · 226 < P (K3,26,3).
Problem 2. Does there, for each natural number k, exist a real constant αk > 1 such that the following
holds: If G is a graph with n vertices and
k = χl(G) > χ(G),
then
Pl(G,k) > α
n
k ?
Also, the following much weaker statement seems to be nontrivial.
Problem 3. Is it true that if G is a graph satisfying
k = χl(G) > χ(G),
then
Pl(G,k) > 1?
Even the following related question is open.
Problem 4. Does there exist a graph G and a natural number k > 2 such that
Pl(G,k) = 1?
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graph G with list-chromatic number 2 such that Pl(G,2) = 1. This graph G consists of a 4-cycle
v1v2v3v4v1 and a path v1v5v6v7v3. The lists of v1, v2, . . . , v7 are {1,3}, {1,2}, {1,2}, {2,3}, {1,3},
{2,3}, {1,2}, respectively. As 1 = Pl(G,2) < P (G,2) = 2, this graph G is another example showing that
α must be non-zero in Problem 1.
So, for k small, the behavior of Pl(G,k) may be surprising and is not well understood. However,
for large values of k this changes. We show that
Pl(G,k) = P (G,k)
for k > n10. In particular, there exists an algorithm for computing the list-color function Pl(G,k) for
each ﬁxed graph G with n vertices and for all natural numbers k, as there exists an algorithm for
computing the chromatic polynomial of G , and it is a ﬁnite problem to calculate Pl(G,k) for k n10.
All graphs in this paper are simple, that is they have no loops or multiple edges. If we contract an
edge and we create double edges, then each double edge is replaced by a single edge.
2. The chromatic polynomial
For a few classes of graphs, the chromatic polynomial can be computed quickly. For example, for
the complete graph Kn we have
P (Kn,k) = k(k − 1) · · · (k − n + 1).
For any other ﬁxed graph G , the chromatic polynomial P (G,k) can be computed by the Deletion–
Contraction Formula, see e.g. [6]. That formula also shows that P (G,k) has the form
kn − a1(G)kn−1 + a2(G)kn−2 − · · ·
where n is the number of vertices and the coeﬃcients are integers alternating in sign. Each coeﬃcient
has a combinatorial interpretation, see e.g. [6]. It follows from this interpretation (and can also easily
be derived from the Deletion–Contraction Formula) that a1(G) is the size of G , that is, the number of
edges of G , and that
a2(G)
(
a1(G)
2
)
< a1(G)
2 < n4.
Finally, a simple argument using the Deletion–Contraction Formula implies that, for each j = 1,2,
. . . ,n − 1, the polynomial
a j(G)k
n− j − a j+1(G)kn− j−1 + · · ·
is nonnegative for each natural number (in fact each real number) k n. In particular,
kn − a1(G)kn−1  P (G,k) kn − a1(G)kn−1 + a2(G)kn−2
for each natural number k n.
3. The number of k-list-colorings
If G is a graph with vertices v1, v2, . . . , vn and ri is a nonnegative integer for each i = 1,2, . . . ,n
(which we shall think of as the number of color restrictions at vi ), then we deﬁne the modiﬁed size
of G as
a′1(G) = a1(G) + r1 + r2 + · · · + rn.
The number of edges incident with the vertex vi is called the degree of vi and is denoted d(vi).
We ﬁrst show that the two highest order terms of the chromatic polynomial give a lower bound
for the number of k-list colorings.
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k − ri available colors for each i = 1,2, . . . ,n. Then the number of L-colorings is at least
kn − a′1(G)kn−1.
Proof. The proof is by induction on n. For n = 1 the lemma is trivial so assume that n > 1. We may
assume that
kn − a′1(G)kn−1 > 0
since otherwise, there is nothing to prove. Hence
k > ri
for each i = 1,2, . . . ,n. The color of v1 can be chosen in k − r1 distinct ways. For each such choice
we apply the induction hypothesis to G − v1. If vi is a neighbor of v1, then we replace ri by ri + 1
because vi can not receive the color of v1. By the induction hypothesis, G − v1 has at least
kn−1 − a′1(G − v1)kn−2
list-colorings extending the coloring of v1. Now the size of G − v1 is
a1(G − v1) = a1(G) − d(v1)
and the modiﬁed size is
a′1(G − v1) = a1(G − v1) + r2 + r3 + · · · + rn + d(v1).
So the number of list-colorings of G is at least
(k − r1)
(
kn−1 − (a1(G) + r2 + r3 + · · · + rn)kn−2) kn − a′1(G)kn−1.
This completes the proof of Lemma 1. 
Next we show that the three highest order terms of the chromatic polynomial give a lower bound
for the number of k-list-colorings provided some two neighboring vertices have lists with large sym-
metric difference.
Lemma 2. Let G be a graph with vertices v1, v2, . . . , vn, and let k be a natural number, k > n4 . Let L(vi) be a
list of precisely k available colors for each i = 1,2, . . . ,n. Assume that v1, v2 are neighbors and that
∣∣(L(v1) ∪ L(v2)) \ (L(v1) ∩ L(v2))∣∣> 2n4.
Then the number of L-colorings is at least
kn − a1(G)kn−1 + a2(G)kn−2  P (G,k).
Proof. Put m = |(L(v1) ∪ L(v2)) \ (L(v1) ∩ L(v2))| so that |L(v1) ∩ L(v2)| = k −m/2. Then v1, v2 can
be L-colored in k2 − (k −m/2) = k(k − 1) +m/2 distinct ways. Consider one of these colorings. We
use Lemma 1 to obtain a lower bound for the number of ways this coloring can be extended to
G − v1 − v2. For this we let ri denote the number of edges from vi to {v1, v2}. Let q = a1(G) denote
the size of G so that a′1(G − v1 − v2) = q − 1. Lemma 1 implies that the number of L-colorings of
G − v1 − v2 extending the L-coloring of {v1, v2} is at least
kn−2 − (q − 1)kn−3.
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(
k(k − 1) +m/2)(kn−2 − (q − 1)kn−3)
= kn − qkn−1 + (m/2)kn−2 + (q − 1)(k −m/2)kn−3
= kn − qkn−1 + n4kn−2 + (m/2− n4)kn−2 + (q − 1)(k −m/2)kn−3
> kn − qkn−1 + n4kn−2 > kn − a1(G)kn−1 + a2(G)kn−2  P (G,k).
This completes the proof of Lemma 2. 
We shall now improve Lemma 1 for large values of k.
Theorem 1. Let G be a graph with vertices v1, v2, . . . , vn, and let k be a natural number. Let L(vi) be a list
of precisely k available colors for each i = 1,2, . . . ,n. If k > n10 , then the number of L-colorings is at least
P (G,k).
Proof. By permuting the lists of available colors, if necessary, we may assume that each connected
component of G has a vertex whose list consists of {1,2, . . . ,k}. We may assume that the symmetric
difference of the lists of available colors for any two adjacent vertices is at most 2n4 since otherwise,
we complete the proof using Lemma 2. This implies that there are at least k − n5 colors common to
all the lists. By permuting the lists of available colors once more, if necessary, we may assume that
each list contains {1,2, . . . ,k − n5} and is contained in {1,2, . . . ,k + n5}. Now we write
L(vi) = {c1,i, c2,i, . . . , ck,i}
where
c1,i < c2,i < · · · < ck,i
for each i = 1,2, . . . ,n. Thus c j,i = j for j = 1,2, . . . ,k − n5 and i = 1,2, . . . ,n.
We now consider any ordinary k-coloring c of G which we think of as a map from {v1, v2, . . . , vn}
to {1,2, . . . ,k}. We use this to deﬁne an L-coloring c′ as follows: If c(vi) = j, then c′(vi) = c j,i . We
say that the L-coloring c′ is derived from the ordinary coloring c. If this always deﬁnes a (proper)
L-coloring, then the proof is complete. So we consider the case where c′ need not be proper, that is,
there exist two neighboring vertices, say v1, v2, such that c′(v1) = c′(v2). That is, for some c′ , there
exist two distinct numbers a,b in {1,2, . . . ,k} such that ca,1 = cb,2. We now deﬁne a bipartite graph
B{1,2} with vertex set L(v1) ∪ L(v2). (Here we take the disjoint union of L(v1), L(v2), and these sets
are the partite sets of B{1,2} .) For any two distinct numbers a,b in {1,2, . . . ,k} such that ca,1 = cb,2
we say that ca,1, cb,2 are joined by a red edge in B{1,2} . We also say that ca,1, ca,2 are joined by a green
edge in B{1,2} , and that cb,1, cb,2 are joined by a green edge in B{1,2} . As each connected component
of B{1,2} is a path starting and ending with a green edge, there are more green edges than red edges.
The number of red edges is less than 2n5. For any other pair vi, v j of vertices there is a similar
bipartite graph B{i, j} consisting of red edges and green edges. Let r, g denote the total number of red
edges, respectively green edges. Then r < g , and r < n7. Consider now the red edge above which joins
ca,1, cb,2. The number of (improper) list colorings c′ such that c′(v1) = c′(v2) = ca,1 = cb,2 is at most
kn−2. Hence the number of ordinary colorings which gives rise to an improper L-coloring is at most
rkn−2. In other words, the number of proper L-colorings derived from an ordinary coloring is at least
P (G,k) − rkn−2.
Consider now a green edge, say the edge e joining ca,1, ca,2. These two available colors are distinct.
So we may give v1 the color ca,1 and v2 the color ca,2. This L-coloring of v1, v2 can be extended to an
L-coloring of G in at least (k− 2)(k− 3) · · · (k−n+ 1) ways such that all vertices have distinct colors.
We say that these colorings are derived from the green edge e. We now give a lower bound for those
colorings which are derived from e and from no other green edge. For this we modify the expression
(k− 2)(k− 3) · · · (k−n+ 1). Consider the factor k− 2. This is the number of ways of coloring v3 such
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in B{1,3} or B{2,3} there may be two other colors that must be avoided at v3. (Recall that the green
edges in each B{i, j} form a matching.) So, the factor k− 2 must be replaced by k− 4. At v4 there may
be as many as 6 colors that must be avoided, so k − 3 must be replaced by k − 6. Hence there are
at least g(k − 4)(k − 6) · · · (k − 2n + 2) L-colorings which are derived from precisely one green edge.
These colorings are therefore distinct. Also, none of these L-colorings is derived from some ordinary
k-coloring c counted by P (G,k).
It is easy to prove, by induction on n, that
(k − 4)(k − 6) · · · (k − 2n + 2) kn−2 − n3kn−3
for each n 3 and each k 2n − 2. So the number of L-colorings is at least
P (G,k) − rkn−2 + (r + 1)(k − 4)(k − 6) · · · (k − 2n + 2) P (G,k)
since k > n10  (r + 1)n3. This completes the proof of Theorem 1. 
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